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Abstract. Motion estimation is one of the key tools in many video pro-
cessing applications. Most of the existing motion estimation approaches
use the brightness constancy assumption in order to model the move-
ments of the objects present in the scene. In this paper the motion of
objects is modeled from a geometrical-based point of view, leading thus
to a contrast invariant formulation. The present approach is region-based
and assumes affine motion model for each region.

1 Introduction

Computing the apparent motion of objects in a sequence of images is one of
the key problems in computer vision known as the optical flow computation.
Its numerous applications make it the object of current research (see [23] for an
account of it).

Most known motion estimation methods, in one form or another, employ the
optical flow constraint which states that the image intensity remains unchanged
from frame to frame along the true motion path. The optical flow equation is
derived from the optical flow constraint:

∂xI u + ∂yI v + ∂tI = 0 (1)

where I(t, x, y) denotes the image sequence and (u, v) the motion vector field.
The movement of the objects present in the scene may be recovered by mini-
mizing an error measure based on the optical flow equation [23]. Furthermore,
it is known that motion estimation is an ”ill-posed” problem, indeed, the so-
lution may not be unique, and/or solutions may not depend continuously on
the data [4]. Current motion estimation approaches try to solve the latter issue
by imposing additional assumptions about the structure of the 2D motion field.
The latter constraints are introduced into the error measure either by adding
a smoothness term to it, or by restricting it to a particular motion model. The
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former strategies are called dense motion field estimation approaches, whereas
the latter ones are usually called parametric motion estimation approaches.

The Horn-Shunck’s method is a classical method for dense motion field es-
timation. It seeks for a motion field that satisfies the optical flow equation (1)
with a minimum pixel-to-pixel variation between the flow vectors:

min
∫

Ω

(∂xI u + ∂yI v + ∂tI)2 + α2 (
(∂xu)2 + (∂yu)2 + (∂xv)2 + (∂yv)2

)

where Ω is the image domain and α may be used to control the influence of the
constraint. Larger values of α2 increase the influence of the constraint.

The Lucas-Kanade method can be considered a parametric motion estima-
tion, since it estimates the motion by assuming that the motion vector associated
to the optical flow equation remains unchanged over a particular block of pixels.
The method thus allows to estimate a translational motion vector for that block.
A very interesting combination of both previous methods with an efficient im-
plementation has been proposed in [7]. For the interested reader, a good review
of current motion estimation techniques can be found in [3, 22].

The optical flow constraint assumption is generally violated in image se-
quences taken from the real world. Global or local changes in illumination due
to, for instance, a moving camera or a change in the shade of an object may pre-
vent the correct motion to be estimated. Alternatives to the classical brightness
constancy assumption have been already proposed in the literature. A common
approach to handle non constant intensity is through explicit modelling of the
illumination change in the optical flow equation [18]. The approach requires com-
plex minimization since, in addition to the motion field, illumination fields must
also be estimated.

In [4] a constraint based on spatial gradient’s constancy is proposed. It relaxes
the classical assumption, but requires that the amount of dilation and rotation in
the image be negligible, a limitation often satisfied in practice according to [22].
The technique has been demonstrated to be very robust in the presence of time-
varying illumination. More recently, is has been shown that the direction of
the intensity gradient is invariant to global illumination changes [10]. The work
presented in [8] is based on this property.

In this paper we propose to substitute the optical flow equation, derived
from the brightness constancy assumption, by the assumption that the shapes
of the image move along the sequence. We identify the shapes of the image with
the family of its level lines [9] and we assume that they move along the image
sequence (with possible deformation). This assumption permits us to design
contrast invariant estimate of the optical flow. The approach is in fact based
on the invariance of the gradient direction to contrast changes. However, no
restriction to the amount of dilation and rotation is imposed.

The paper is organized as follows. Section 2 describes the contrast-invariant
model that has been developed, whereas Sect. 3 introduces the region-based
strategy that has been implemented. Sect. 4 gives some details about the im-
plementation. Finally, Sect. 5 presents the results obtained with the proposed
method and Sect. 6 ends up with the conclusions and future research work.
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2 A Contrast-Invariant Functional

Let Ω be the image domain, which we may assume to be normalized to [0, 1]2.
Let I : Ω → R be a given image. Mathematical morphology offers an image
description in terms of its level sets, be upper XλI = {p ∈ Ω : I(p) ≥ λ},
or lower XλI = {p ∈ Ω : I(p) ≤ λ}. Level sets provide a complete image
description, in particular, the image I can be reconstructed from its (upper)
level sets by the formula I(p) = sup{λ : p ∈ XλI} (a similar formula exists for
the lower level sets) where sup denotes the supremum operator, and p = (x, y)T

denotes a point in Ω. Level sets give a contrast invariant representation of the
image [21].

We call level lines the boundaries of the level sets. In the discrete framework,
any level set can be described in terms of its boundary. Indeed, the connected
component of each level set can be described in terms of its external and the
family of its internal boundaries [9, 21]. Thus, we may use the family of level lines
as basic contrast invariant geometric description of the image I. As an analytical
tool, we shall use the unit normals to the level lines to describe them.

Let I(t,p) be a given image sequence, t being in the time interval [T0, T1] and
p ∈ Ω. We assume that the image sequence has been sampled at points multiple
of ∆t, the sampling points being tj = T0 + j∆t, j = 0, . . . , N (tN = T1). Let us
denote by φj(p) the coordinates at time tj + ∆t of the point whose coordinates
at time tj are p, j = 0, . . . , N − 1. The map φj : Ω → Ω is nothing else than the
motion path starting from time tj and we may think about it as a deformation.
We do not assume in this section any particular motion model for φj . That is,
the image objects may suffer any deformation over time. For simplicity, when no
confusion arises, the arguments of the previous function will be dropped out.

Assume for a while that j is fixed and let φ = (φ1, φ2) be any of the maps
φj , where φ1 and φ2 are the components of φj . Let X = (x(s), y(s))T be the
arclength parameterization of a given level line C of the image I(tj ,p), s being
the arc length parameter. The curve C may be described by its normal vectors
Z = (−y′(s), x′(s))T , where (.)′ denotes the first derivative with respect to s.
Note that Z has unit norm.

Let us describe the normal vectors to the curve φ(C) in terms of φ and the
normal vectors to C. Since the curve φ(C) is described by

X = (x(s), y(s))T = φ(x(s), y(s)),

the tangent vector to the deformed curve φ(C) is given by

X
′
=

(
x′(s)
y′(s)

)
=

(
∂xφ1 ∂yφ1
∂xφ2 ∂yφ2

) (
x′(s)
y′(s)

)
= Dφ X ′

where ∂x and ∂y denote the partial derivative with respect to x and y respectively.
Thus, the normal vector Z of the deformed curve is

Z =
(−y′(s)

x′(s)

)
=

(
∂yφ2 −∂xφ2

−∂yφ1 ∂xφ1

) (−y′(s)
x′(s)

)
. (2)
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Observe that the matrix in the right hand side of (2) is the cofactor matrix
associated to Dφ which we shall denote by (Dφ)†. Thus, the normal vectors of
the deformed curve are related to the original normal vectors by means of the
cofactor matrix. Observe that s is not necessarily the arclength parameter of
φ(C), hence Z is not, in general, a unit vector. We normalize it to be of unit
norm by redefining

Zφ =
(Dφ)† Z

‖(Dφ)† Z‖ if (Dφ)†Z �= 0; 0 otherwise, (3)

where ‖.‖ denotes the modulus of a vector in R2 .
In the context of this work, Zt(p) will be the vector field of unit normals to

the level lines of I(t,p). Usually, the energy functional whose minimum gives the
optical flow tries to impose the brightness constancy equation (1). Instead, our
main assumption will be that shapes move with possible deformation along the
sequence. We interpret it in the following way: (*) we may find the boundary of
a connected component of the level set [I(tj , ·) ≥ λ], λ ∈ R, eventually deformed
by φj(·), as a level curve of I(tj+1, ·) at some other level λ′. Observe that if two
consecutive frames are related by the motion model and a global illumination
change, i.e., if (**) I(tj+1, φ

j(p)) = gj(I(tj ,p)) for some contrast change gj , then
(*) holds (in this case λ′ = gj(λ)). Our assumption (*) is more general than (**)
since the former is local: the level at which we may find the boundary of the
connected component of [I(tj , ·) ≥ λ] may depend on the connected component
itself, besides of depending on λ. Thus, our purpose will be to align the level lines
of two consecutive frames at times tj and tj+1 by a map φj . Using the description
of level lines in terms of unit normals, we propose to compute the optical flow
φj by aligning the unit normal vector field Ztj+1(p) with the transformed vector
field of Ztj (p) by the map φj (i.e., the vector field obtained by (3)). Thus, we
propose to compute the motion estimation by minimizing the energy functional

E(φ) =
N−1∑
j=0

∫
Ω

��Ztj+1(φj(p)) − Zφj (p)
��2

µj(p) dx dy. (4)

where µj(p) represent weight functions that will be later discussed. The vector
field Ztj (p) is computed by

Ztj (p) =
∇I(tj ,p)

‖∇I(tj ,p)‖ if ∇I(tj ,p) �= 0; 0 otherwise, (5)

where ∇ := (∂x, ∂y)T denotes the 2D gradient. Note that (5) computes the
normal vector of the level line that passes through point p.

Since for any smooth strictly increasing function we have ∇g(I) = g′(I)∇I, it
is easy to check that if µj(p) = 1, then the energy (4) is contrast invariant. In case
that we decide to give more weight to edges, we may take µj(p) = ‖∇I(tj ,p)‖,
j = 0, . . . , N −1, in this case, if I(tj +1, φj(p)) = gj(I(tj ,p))) for some contrast
change gj , then the estimate of φj obtained by minimizing the corresponding
term in (4) does not depend on the contrast change gj .
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If our assumption (*) does not hold, then the minimum of (4) (plus some
regularization terms for φj) can be considered only as an approximation to the
optical flow in terms of that criterion, and further validation is required.

The same functional was used by Droske and Rumpf, together with suitable
regularizations, for morphological image registration [13]. Other authors ([12])
have also used alignment of unit normals and other geometric features like cur-
vature for registration. Another contrast invariant functional, based on Bayesian
inference, was proposed in [11]. The main part of their functional is the integral
of (It +uIx +vIy)2 divided by the norm of (1, u, v) times the norm of (It, Ix, Iy).
As we shall also do, the authors assume a parametric piecewise affine motion
model. Let us finally mention the work [6] where authors minimize a robust
functional which incorporates deviations from the brightness constancy assump-
tion and the gradient constancy assumption, and compute a dense optical flow.
Thus, this functional incorporates gradients, hence normal directions and ge-
ometry. Finally, let us mention that other contrast invariant functionals can be
constructed based on mutual information [19].

3 Region-Based Motion Estimation

The energy functional together with a regularization term for φj , j = 0, . . . , N −
1, could be used to compute a dense motion field. In this work, we shall assume
that the motion fields can be expressed locally by an affine model and we shall
follow a region-based strategy to minimize (4).

Our approach will be similar to the one presented in [14]. In this paper,
two images at two different time instants, generally consecutive, of an image
sequence, are taken. The first of them is partitioned into connected regions with
disjoint interior. These regions are assumed to be extracted from the image using
a particular partitioning strategy, such as a luminance homogeneity criterion.
Matching of regions is carried out by minimizing a cost functional based on
the brightness constancy assumption. Moreover, the technique is embedded in a
multiresolution scheme in order to improve the robustness of the method.

For the rest of the paper, the motion is estimated between two consecutive
frames of a sequence, denoted by I(t) and I(t+1). The vector fields of the normals
to the level lines of I(t) and I(t+1) are denoted by Zt and Zt+1 respectively. Sup-
pose that we are given a partition R into disjoint connected regions of the image
I(t). The partition may be computed for instance with a segmentation algorithm
like the Mumford-Shah functional [17] which may be subordinated to the topo-
graphic map [2]. We denote by φ the displacement field between I(t) and I(t+1).

In the present context, we can write functional (4) for discrete images as

ER(φ) =
∑
R∈R

∑
p∈R

��Zt+1(φ(p)) − Zφt(p)
��2

µ(p)∆R (6)

for a weighting function µ(p) and where ∆R = ∆x∆y, ∆x, ∆y being the dis-
cretization steps which coincide with the interpixel distance in the x and y axis.
For later convenience, let us denote by ER the term
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ER(φ) =
∑
p∈R

��Zt+1(φ(p)) − Zφt(p)
��2

µ(p)∆R (7)

Recall that rigid motions of planar objects in 3-D space induce quadratic motion
models in 2-D images [23]. This quadratic motion model is a good approximation
when the depth of the objects is small compared to their distance to the camera.
The affine motion model is a good approximation under orthographic projection,
i.e., when f → ∞, being f the distance from the center of the lens to the surface
of the film. As a first approximation, we shall assume the affine motion model on
each region. Such motion can be described by a six parameter affine model [23]:

φ(p) =
(

a b
c d

) (
x
y

)
+

(
e
f

)
(8)

where e, f are the translation parameters and a, b, c, d are the parameters that
model the linear transformation (thus, including scaling, rotation and shear-
ing) [23]. From now on, e and f are called zero-order parameters whereas the
remaining ones are called first-order parameters.

In this case the cofactor matrix is

(Dφ)† =
(

d −c
−b a

)

Observe that we have no information in a region R when we have no level
lines in it. In this case, we would have Z = 0 at time t inside R, and Z �= 0 is the
unit normal on its boundary; the proposed functional is looking for a region at
time t+1 which is free of level lines in its interior and matches the unit normals
of boundary of R by φt. In this case, it could be useful to consider the brightness
constancy assumption for this region.

As it is presented, this model does not take into account the fact that new
objects may appear or disappear due to motion of objects or to geometric varia-
tions produced by local contrast changes. In a further extension of this work we
consider statistical validation of the estimated motion and we believe that the
appearance/disapperance of an object will lead to incorrect estimations.

4 Implementation

From a practical point of view, it is necessary to define a strategy in order to
find a minimum of (6) in an efficient and robust manner. We describe in this
section some details of our implementation.

Functional Minimization. We assume that each region that composes the
partition moves independently, thus (6) may be minimized by minimizing (7) for
each region. The parameters that minimize (7) are those that satisfy ∇mER(φ) =
0, where m is the vector made up of the motion parameters, m = (a, b, c, d, e, f)T

and ∇m is the gradient operator with respect to the unknown motion parameters,
∇m = (∂a, ∂b, ∂c, ∂d, ∂e, ∂f ). The strategy adopted in this work to find the motion
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parameters that minimize (6) is the conjugate-gradient method. In this paper
the conjugate update directions are computed using Polak-Ribiere method. At
each iteration, Brent’s line minimization is used to find the minimum along the
selected update direction [20].

Coordinate System Selection. Let us discuss how the selection of the coordi-
nate system may affect the convergence of the descent method to minimize ER.
For simplicity, assume that Zt+1 and Z

t

φt are unit vectors. The differentiation
of each term in (7) with respect to any motion parameter m ∈ m gives the
contribution

<∂mZ
t

φt , Zt+1 > + <Z
t

φt , ∂mZt+1 > .

Let us compute ∂mZt+1. For that, assume that the origin of the coordinate
system is located at the upper left corner of the image, whereas samples are
placed on a squared grid at a distance of one. Let us denote by (x̂, ŷ)T the
coordinates of p in this coordinate system. Let Zt+1

i , i = 1, 2, be the x and y
components, respectively, of Zt+1. Observe that the partial derivative of Zt+1

1
with respect to the motion parameter a is

∂aZt+1
1 (φ(p)) = ∂φ1Z

t+1
1 ∂aφ1 + ∂φ2Z

t+1
1 ∂aφ2 = ∂φ1Z

t+1
1 x̂ (9)

since ∂aφ1 = x̂ and ∂aφ2 = 0. The derivative of Zt+1
1 with respect to the motion

parameter e is

∂eZ
t+1
1 (φ(p)) = ∂φ1Z

t+1
1 ∂eφ1 + ∂φ2Z

t+1
1 ∂eφ2 = ∂φ1Z

t+1
1 (10)

since ∂eφ1 = 1 and ∂eφ2 = 0. With similar computations we see that the partial
derivatives of Zt+1

1 and Zt+1
2 with respect to a, b, c or d depend proportionally

on the pixel coordinates (either x̂ or ŷ), while its partial derivatives with respect
to e or f do not exhibit such dependence. Thus the derivatives with respect to
a, b, c, d have a stronger contribution in the descent than the ones with respect
to e, f and affect its convergence.

In [14], the authors propose to normalize the pixel coordinates simply by the
image dimensions. We shall use a different normalization for each region. The
origin of the coordinate system, (x̃c, ỹc), will be the centroid of the region, and
the axis will be re-scaled by σ where σ2 =

∑
p∈R

(
(x̂ − xc)2 + (ŷ − yc)2

)
is the

variance of the distance of the pixel coordinates to the centroid.
If (x, y)T denote the coordinates of p in this new coordinate system, then its

relation with (x̂, ŷ)T is given by

x =
x̂ − xc

σ
y =

ŷ − yc

σ
. (11)

The partial derivatives of Zt+1
1 with respect to a and e have the same form

as in (9), (10), with a different interpretation of the coordinates:

∂aZt+1
1 (φ(p)) = ∂φ1Z

t+1
1

(x̂ − xc)
σ

and ∂eZ
t+1
1 (φ(p)) = ∂φ1Z

t+1
1 . (12)
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Comparing these expressions with (9) and (10), we notice that the normalized
coordinate system has the effect that no particular derivative value is predom-
inant with regard to the others. Our experiments have shown that in this case
a large range of motions may be recovered since no particular type of motion
is priorized.

On the other hand, if the (x̂, ŷ)T coordinate system is used the conjugate
gradient algorithm selects update directions in which the first order motion pa-
rameters are predominant. As a result, the algorithm will “try to explain” the
motion present in the image using only first order parameters (zoom, rotations
and skew) even if only translational motion is present in the image. Motions
such as translations may not be recovered in this case. Thus, the selection of
the proper coordinate system affects directly the gradient values and thus the
convergence of our estimator.

Multiresolution Analysis. Both to avoid local mimima and for computational
efficiency, motion estimation is usually embedded in a multiresolution scheme
[1, 14, 22, 23]. The basic idea is to obtain a set of coarse to fine images which are
obtained by means of a low-pass filter. Starting the parameter estimation at the
coarsest resolution level, the motion is estimated on each level successively using
the resulting motion parameters of the current resolution level as input to initial-
ize the gradient descent on the next level. Lower resolution levels allow to obtain
an approximation of the motion parameters, whereas finer resolution levels are
used to improve and fine-tune the motion parameter estimation. Multiresolution
representations allow to deal with large zero and first order parameters.

In our experiments a set of three (including the original image) levels are
used. At each level the image is lowpass filtered with respect to the previous
level [24]. As proposed in [23], the downsampling step is skipped. Thus the pyra-
mid contains images that are all the same size by successively more blurred as
we go to the coarser resolution levels. This permits us to maintain the geometry
of the region.

However, ∆x and ∆y are divided by two between successive levels, hence the
area of the region is scaled by 4. Thus, ∆x and ∆y act as a scale parameter. If
such area is small at a fixed level, only the zero-order parameters are estimated.
This is due to that the texture information of small regions present at the coarser
levels is poor, and thus the minimum may not be well defined for the first-order
parameters.

Differentiation. Differentiation is an ill-posed problem [4], and regularization
may be used to obtain good numerical derivatives. Such regularization may be
accomplished with a low-pass filter such as the Gaussian, and is essential for
motion estimation [3, 22]. More recently, [15] proposes to use a matched pair of
low pass and differentiation filters as a gradient operator.

Notice that, for motion estimation applications, it may be necessary to com-
pute the gradient at non integer points, since non integer displacements are
allowed. In such cases, a simple way to proceed is a two step process: in a first
step, the image is interpolated at the required points using an interpolation ker-
nel such as [16], and in the second step the derivative is computed. Since both
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are linear operators they may be performed in one step: the derivative filter is
interpolated at the required non-integer positions, then the derivative can be
computed at integer pixel positions using the interpolated filter taps.

5 Results

In all experiments below, we assume that µj(p) = 1 (see (6)).
The original images in our first example correspond to the table tennis se-

quence (frames #4 and #1), and are displayed in Fig. 1a and Fig. 1b respec-
tively. In these images, the ball moves downwards, the arm moves upwards and
the background is static. The associated partition has been computed using
the Mumford-Shah segmentation functional subordinated to the topographic
map [2], and is shown in Fig. 1c. The motion field recovered by our estimator is
shown in Fig. 1d and corresponds to our above description.

An interesting point is to compare our results with those obtained with the
classical motion estimation approach based on minimization of the squared pre-
diction error, defined as: Eint

R (φ) =
∑

p∈R (I(t + 1, φ(p)) − I(t,p))2. The previ-
ous error measure is in fact based on the brightness constancy assumption. The
latter approach has been implemented using the techniques described in Sect. 4.
In order to simplify nomenclature, the latter approach is called intensity-based

a) Original frame t b) Original frame t + 1

c) Partition d) Motion field

Fig. 1. Region-based motion example. a) Original frame t, b) Original frame t + 1, c)
Partition of original frame t, d) Recovered motion field
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Fig. 2. Global motion estimation example. The purpose is to extract camera’s move-
ment between images a) and b). Results for intensity and shape-based approach are
shown in images c) and d) respectively

motion estimation, whereas the technique presented in this paper is called shape-
based motion estimation.

The next experiments deal with global motion estimation, that is, the extrac-
tion of the camera motion. This is very useful in many scene analysis approaches,
where first the camera motion is detected and then the moving objects in the
scene are detected and tracked. Fig. 2 shows two frames from the coastguard
sequence (frames #170 and #176). The frames show a moving boat and a static
background. In these frames the camera follows the displacement of the boat,
thus the apparent motion of the boat is zero (i.e. no motion) whereas the back-
ground has an apparent motion which corresponds to the camera’s movement.
We choose a partition made up of one region which includes the whole image
support. Thus, the global motion between the two frames is estimated. The re-
sulting motion vector fields are shown in Fig. 2c and Fig. 2d. Note that our
approach has been able to properly extract the camera’s motion. We believe
that the intensity-based motion estimation has failed due to the strong influ-
ence of the high gradient of the boat. Since the apparent motion of the boat is

a) Original frame t b) Original frame t + 1

c) Intensity-based d) Shape-based
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Fig. 3. Global motion estimation example. The purpose is to extract camera’s move-
ment between images a) and b). They correspond to frames #45 and #47 of the table
tennis sequence. Recovered motion fields for intensity and shape-based approach are
shown in images c) and d) respectively

zero, the motion estimation algorithm tries to set to zero the motion at the boat
pixel locations. This is not the case of the shape-based approach, where gradient
modulus has no effect. Motion in the latter case is recovered by interpreting the
image as a set of moving level lines. Thus, the boat is treated as an outlier. Note
that the correct motion parameters may be recovered using an intensity based
energy if robust estimation techniques are used [5, 22].

Fig. 3 shows another example of global motion estimation. The camera per-
forms a zoom out of the scene. Even though the tennis player and the ping-pong
ball is moving, our approach has been able to properly recover the zoom.

6 Conclusions and Future Work

We have presented a contrast invariant model for the computation of the optical
flow. We interpret the image sequence as a set of moving level lines and we
propose to compute the deformation between the level lines of two consecutive
frames. Several topics have to be further developed in the future: a) the selection
of regions bounded by level lines where motion is estimated by an affine model,
b) joint motion segmentation techniques, c) the computation of a dense motion
field from the image sequence without imposing a particular motion model.

a) Original frame t b) Original frame t + 1

c) Intensity-based d) Shape-based
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