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Abstract. We propose an algorithm to increase the resolution of multispectral satellite images knowing the
panchromatic image at high resolution and the spectral channels at lower resolution. Our algorithm is based on the
assumption that, to a large extent, the geometry of the spectral channels is contained in the topographic map of its
panchromatic image. This assumption, together with the relation of the panchromatic image to the spectral channels,
and the expression of the low-resolution pixel in terms of the high-resolution pixels given by some convolution
kernel followed by subsampling, constitute the elements for constructing an energy functional (with several variants)
whose minima will give the reconstructed spectral images at higher resolution. We discuss the validity of the above
approach and describe our numerical procedure. Finally, some experiments on a set of multispectral satellite images
are displayed.
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1. Introduction

A grey-level image can be realistically modeled as a
real function u(x) where x represents an arbitrary point
of a rectangle � in R2 and u(x) denotes the grey level
at x . Typically u(x) represents the photonic flux over a
wide band of wavelengths and we have a proper grey-
level image. Below, we shall refer to it as the panchro-
matic image. A multispectral image may be represented
by a function �u from � to Rm where m represents the
number of spectral channels. For colour images, typ-
ically, m = 3 if we consider the usual R, G, B chan-
nels. If we add the near infrared channel, we have a

multispectral image with m = 4. In this case, each
coordinate of �u(x) represents the intensity correspond-
ing to a spectral channel, where the photonic flux is
subjected to a spectral selective filter, be it in the vis-
ible range, the near infrared or the ultraviolet. Most
satellites provide us with multispectral images which
include the usual color channels plus the infrared one,
and/or the ultraviolet one (see http://smsc.cnes.fr). Let
us mention here that the abbreviation P + X S stands
for Panchromatic and MultiSpectral images.

We say that the panchromatic image u corresponds to
the multispectral image �u if u(x) has been obtained by
adding (with some mixing coefficients) the coordinates
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of �u, which represent the energies of different spec-
tral bands. In other words, if �u = (u1, . . . , um) and
α1, . . . , αm represent the mixing coefficients for com-
puting the total spectral energy from the above chan-
nels, the corresponding panchromatic image will be
given by

u(x) = α1u1(x) + · · · + αmum(x). (1)

In digital images, the only accessible information is
a sampled and quantized version of u, u(i, j), where
(i, j) is a set of discrete points (in general, on a grid) and
u(i, j) belongs to a discrete set of values, 0, 1, . . . , 255,
in many cases. Since, by Shannon’s theory, we can as-
sume that u(x) is recoverable at any point from the
samples u(i, j), as a first approximation, we may as-
sume that the image u(x) is known in a continuous
domain, up to the quantization noise.

This paper describes a method of increasing the reso-
lution of satellite multispectral images when we know
the corresponding panchromatic image u at a higher
resolution. We assume that the panchromatic image
u(i, j) has a size of N × N pixels. The spectral chan-
nels have been sampled at a lower resolution giving
images of size N

s × N
s (typically s = 2, or 4), which we

shall denote by �us = (us
1, . . . , us

m). The superscript s
is explicitly included to stress the loss of resolution of
the multispectral data. In satellite imaging, acquiring
the panchromatic image at high resolution and subsam-
pling the multispectral channels by a factor of 2, or 4,
permits a substantial reduction of the data to be trans-
mitted to the earth, but it leaves us with the problem of
recovering them at high resolution. Our purpose will
be to reconstruct the high-resolution multispectral im-
age �u = (u1, . . . , um), knowing the data u and �us , and
taking into account several constraints imposed by the
data generation model. The first constraint to be sat-
isfied is given by relation (1). The other ones express
the fact that, for each channel, the low-resolution pix-
els are formed from the high-resolution ones by low-
pass filtering followed by subsampling. If we denote
by kr the impulse response of the filter corresponding
to channel r ∈ {1, . . . , m}, then we may write these
constraints as

us
r (i, j) = kr ∗ ur (si, s j) ∀i, j ∈

{
0, . . . ,

N

s
− 1

}
.

(2)

The values of αi and the kernels kr , i, r = 1, . . . , m,
depend on the type of satellite (see http://smsc.cnes.fr).

Finally, we use the geometric information contained in
the panchromatic image. Indeed, we assume in this pa-
per that the panchromatic image and the low-resolution
multispectral images are aligned and we constrain the
geometry of the spectral channels at high resolution
to follow the geometry of the panchromatic image.
This constitutes the main feature of our approach and
needs further explanation. First, in Section 1.1 we ex-
plain what we mean by the geometric information con-
tained in the panchromatic image, and more generally,
in any scalar image, including any spectral channel.
Then, in Sections 1.2 and 1.3, we explain the rea-
sons supporting the underlying assumption that im-
ages taken on different spectral bands share com-
mon geometric information. For that, we shall review
the main conclusions in Caselles et al. (2002), and
Lisani and Morel (2000). The rest of the paper is de-
voted to present our model and display some numerical
experiments.

The literature on the subject is extensive. Most meth-
ods are based on the injection of high frequency com-
ponents (corresponding to spatial details present in the
high resolution panchromatic image) in interpolated
versions of the multispectral data (Wald et al., 1997),
or improvements based on multiresolution analysis of
P+XS images (Aiazzi et al., 2002). For more informa-
tion we refer to Aiazzi et al. (2002) and Wald et al.
(1997), and references therein.

1.1. Mathematical Morphology of Scalar Images

This subsection considers scalar images, that is, im-
ages with a single channel, either a color (or any other
spectral channel) or grey level.

We now consider the question: what is the geometric
information content of an image? This section summa-
rizes some arguments contained explicitly or implic-
itly in Mathematical Morphology theory (Serra, 1982),
which were further developed in Caselles et al. (1999).

The sensors of a camera or a CCD array transform
the continuum of light energies to a finite interval of
values by means of a nonlinear contrast function g.
The contrast change g depends on the properties of
the sensors, but also on the illumination conditions and
the reflection properties of the objects, and those con-
ditions are generally unknown. Images are observed
modulo an arbitrary and unknown contrast change.
These observations lead the physicist and psycholo-
gist M. Wertheimer (Wertheimer, 1923) to state, as a
basic principle, that the gray level is not an observable.
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Mathematical Morphology recognized contrast in-
variance as a basic requirement and proposed that
image analysis operations take into account this in-
variance principle (Serra, 1982; Guichard and Morel,
2003). With this principle, an image u is a representa-
tive of an equivalence class of images v obtained from
u via a contrast change, i.e., v = g(u) where g, for
simplicity, will be a continuous strictly increasing func-
tion. Under this assumption, an image is characterized
by its upper (or lower) level sets Xλ = [u ≥ λ] = {x :
u(x) ≥ λ} (resp. X ′

λ = [u ≤ λ] = {x : u(x) ≤ λ}).
Moreover, the image can be recovered from its level
sets by the reconstruction formula

u(x) = sup{λ : x ∈ Xλ}.

Thus, according to the Mathematical Morphology doc-
trine, the reliable information of the image is contained
in the level sets, independent of their actual levels.
Thus, we are led to consider that the geometric in-
formation, the shape information, is contained in the
family of level sets of the image.

We can further describe the level sets by their bound-
aries, ∂ Xλu, which are, under suitable, very general
assumptions, Jordan curves (Jordan curves are contin-
uous maps from the circle into the plane R2 without
crossing points). Indeed, in Ambrosio et al. (2001) it
is proved that if u is a function whose upper level
sets Xλu are sets of finite perimeter (in particular, if
u is a function of bounded variation (Ambrosio et al.,
2000; Evans and Gariepy, 1992)), then the boundaries
of level sets can be described by a countable family
of Jordan curves with finite length. The family of all
level lines of an image was called the topographic map
(Caselles et al., 1999). The topographic map is invariant
under a wide class of local contrast changes (Caselles
et al., 1999), and, in particular, it is a useful tool for
comparing images of the same object with different il-
luminations (Lisani and Morel, 2000; Monasse, 1999).
We can conceive the topographic map as a tool giving
a complete description of the geometry of grey-level
images.

For later purposes, we have to go a step further in
the description of the geometry of the topographic map.
Assuming that our image u : � → R is of bounded
variation, by the results in Ambrosio et al. (2001), al-
most all its level sets [u ≥ λ] are sets of finite perime-
ter whose boundaries are unions of rectifiable Jordan
curves, and we may compute the unit normal vector

at almost any point of it. Thus, if x is on the essential
boundary of an upper level set [u ≥ λ], λ ∈ R, we
define θ (x) as the unit normal to the essential bound-
ary of [u ≥ λ]. On the set of points where the vector
field θ is defined, the identity θ · ∇u = |∇u| holds (in
a rigorous mathematical sense this identity has to be
understood as the equality of two measures). The vec-
tor field θ has to be extended to all of �. For that, we
define θ (x) = ∇u(x)

|∇u(x)| if ∇u(x) �= 0 and θ (x) = 0 when
∇u(x) = 0. In other words, in a flat region of the graph
of u we define θ = 0, and at the points x ∈ � which
are on the essential boundaries of the upper level sets
of u we define θ (x) as the unit normal vector field. A
more precise description of θ will be given in Section 2
where the word “essential”, when referring to bound-
aries, will be explained. This vector field will be the
analytic tool we use to impose the constraint that the
geometry of a function v can be described in terms of
the geometry of u, i.e., the level lines of v are a subset
of the family of level lines of u.

1.2. Geometry and Color in Natural Images

What is the geometric content of a color image? Obvi-
ously, the answer to this question is quite complex and,
strictly speaking, it cannot be reduced to the geometry
of its associated intensity image. Indeed, counterex-
amples can be given where color objects exist with a
constant intensity. But what happens in images of nat-
ural scenes? Will the light create color patterns with
color edges with a constant intensity? (Caselles et al.,
2002) experimentally confirmed that the essential ge-
ometric contents of a color image is contained in the
level lines of the corresponding intensity image.

To support the above conclusion, the authors of
Caselles et al. (2002) proposed an algorithm to con-
strain the color channels of a given image to have the
same geometry (i.e. the same level lines) as the grey
level. The algorithm replaces the colors in an image by
their conditional expectation with respect to the grey
levels. If the hypothesis above is sound, then this al-
gorithm should not alter the colors of the image or its
visual aspect. The authors of Caselles et al. (2002) dis-
played several experiments confirming this hypothesis.
A further confirmation of it was suggested by the ex-
periments of imposing the color of one image on the
topographic map of another one: It resulted, in a strik-
ing way, in the dominance of grey level and the fading of
a color deprived of its geometry (Caselles et al., 2002).
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1.3. The Case of Satellite Multispectral Images

In the case of multispectral satellite images, the anal-
ogous assumption would be that images of the same
scene taken on different wavelength bands would share
common geometric information. Indeed, this assump-
tion was experimentally studied in Lisani and Morel
(2000). The experiments were done on images of four
spectral channels corresponding to the blue, green, red
and near infrared regions. Two channels were com-
pared via their topographic maps. Two types of com-
parison were proposed: by means of the unit normal
vector field of the topographic map, and by means of
pieces of its level lines (Lisani and Morel, 2000). With
both comparison procedures, the conclusion was the
same: the channels that are in the visible region share
a large portion of its topographic map. The amount
of sharing decreases, but is still large, for the near
infrared channel. For the red and near infrared im-
ages, it was also shown that, after constrast inver-
sion, there is still a portion of the topographic map
that is common to the topographic map of the blue
channel (Lisani and Morel, 2000). This was explained
in terms of the vegetation, which becomes apparent
in the red and near infrared channels by contrast in-
version (Lisani and Morel, 2000). The methods used
were robust under illumination changes and geometric
transformations, in particular, under changes of scale
(Lisani and Morel, 2000).

1.4. Conclusion

Thus, based on the above arguments, we shall adopt the
hypothesis that for satellite multispectral images, to a
large extent, the geometry of the spectral channels is
contained in the topographic map of its panchromatic
image.

This assumption, together with (1) and (2), is the
basis of our variational approach to increasing the res-
olution of satellite multispectral images when we know
the corresponding panchromatic image at a higher res-
olution.

Section 2 recalls some basic facts about functions
of bounded variation. Section 3 describes the energy
functional of our variational model. Section 4 cov-
ers the algorithm and the numerical experiments. Sec-
tion 5 presents some conclusions. Finally, Section 5
briefly comments on the mathematical justification of
the problem.

2. Function Spaces

This section contains some mathematical definitions
that are needed for proper definitions of the energy
functionals below. It may be skipped, since the main
notations will be recalled in a simpler way in Section 3.

Let Q be an open set in R2. We denote by L p(Q)
the space of functions u : Q → R such that |u|p is
Lebesgue integrable. We denote by C∞

0 (Q) the space
of infinitely differentiable functions in Q with com-
pact support (contained in Q). By C(Q̄) we denote the
space of continuous functions in Q̄ (which denotes the
closure of Q).

Let us recall the definition of BV functions and total
variation. A function u ∈ L1(Q) whose partial deriva-
tives, in the sense of distributions, are measures with
finite total variation in Q is called a function of bounded
variation. The class of such functions will be denoted
by BV (Q). Thus u ∈ BV (Q) if and only if there are
Radon measures μ1, μ2 defined in Q with finite total
mass in Q and∫

Q
u Diϕdx = −

∫
Q

ϕdμi (3)

for all ϕ ∈ C∞
0 (Q), i = 1, 2. Thus, the gradient of u,

denoted by ∇u, is a vector-valued measure with finite
total variation

‖∇u‖= sup

{ ∫
Q

u div ϕ dx : ϕ ∈ C∞
0 (Q, R2),

|ϕ(x)| ≤ 1 for x ∈ Q

}
. (4)

If ∇u is an integrable function, then

‖∇u‖=
∫

Q
|∇u| dx . (5)

In any case, if u ∈ BV (Q) we shall always write
‖∇u‖ = ∫

Q |∇u|dx . At this point, we notice that
we are not using the standard notation that does
not incorporate the dx , since ∇u is a measure. This
choice permits to unify the notation in the formulas
of Section 3. The space BV (Q) is endowed with the
norm

‖u ‖BV = ‖u ‖L1(Q) + ‖∇u‖ . (6)
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We say a measurable set E ⊆ Q has finite perimeter in
Q if its indicator function χE ∈ BV (Q). If u ∈ BV (Q),
almost all its level sets [u ≥ λ] = {x ∈ Q : u(x) ≥ λ}
are sets of finite perimeter (Ambrosio et al., 2000).

Let H 1 denote the one-dimensional Hausdorff mea-
sure in R2 (a measure of length). If E is a set of finite
perimeter in Q, the subset of points of the topological
boundary of E where the outer unit normal is defined
(in a measure theoretic sense) is called the essential
boundary of E and is denoted by ∂∗E (Ambrosio et
al., 2000). The set ∂∗E is rectifiable and has finite H 1

measure (Ambrosio et al., 2000).
By combining the assertions in the last two para-

graphs, if u ∈ BV (Q), we may define a normal vector
θ (x) at almost all points (in the H 1 sense) of almost all
level sets of u. This vector field of normals θ can be
also defined (hence extended to all Q) as the Radon-
Nikodym derivative of the measure ∇u with respect
to |∇u|, i.e., it formally satisfies θ · ∇u = |∇u| and,
also, |θ | ≤ 1 almost everywhere. We shall refer to the
vector field θ as the vector field of unit normals of the
topographic map of u.

The space of functions of bounded variation BV (Q)
has been frequently used in image processing, mainly
in image denoising and restoration problems (Rudin
et al., 1992). The space of BV functions is a reason-
able functional model for images since it contains the
family of piecewise smooth functions, i.e, functions
that are smooth away from its jump discontinuities,
which form a set of rectifiable curves. These discon-
tinuities could be identified with edges. Its ability to
describe textures is less clear, some textures can be
described but to a certain scale of oscillation. An in-
teresting experimental discussion of the adequacy of
the BV -model to describe real images can be seen in
Gousseau and Morel (2001). On the other hand, as ex-
plained in last paragraph, if u is a BV function, then
its topographic map can be described by means of the
vector field of unit normals of the family of its level
lines. For further information concerning functions of
bounded variation, we refer to Ambrosio et al. (2000),
Evans and Gariepy (1992), and Ziemer (1989).

3. The Energy Functional: Continuous and
Discrete Descriptions

We first describe the energy functional in a continuous
framework, and then describe it at the discrete level.

3.1. The Continuous Formulation

To fix ideas, assume that the multispectral image is
given by a function �u : � → R4 where � is a rectan-
gle of R2, say [0, 1]2. We shall denote the coordinates of
�u by (X1, X2, X3, X4). In our experiments below, they
represent the red, green, blue and near infrared chan-
nels, although they could be different spectral channels.
The extension to any set of spectral channels will be im-
mediate. As above, let u denote the intensity image cor-
responding to �u. We shall assume that the image u and
the spectral channels Xn , n = 1, 2, 3, 4, are aligned.

Assume we are given the image u on � and that
we know the values of �u on a sampling grid S ⊆ �

whose points will be called the low-resolution pix-
els. Let us denote the known values of �u on S by
�uS = (X S

1 , X S
2 , X S

3 , X S
4 ). Recall that the low-resolution

pixel is formed from the high-resolution pixel by low-
pass filtering followed by subsampling. For each spec-
tral channel Xn, n ∈ {1, 2, 3, 4}, let kn be the impulse
response of this filter. Our purpose will be to recon-
struct �u from the data u and �uS . According to Section
1, we should impose the following two relations:

u(x) = α1 X1(x) + α2 X2(x) + α3 X3(x) + α4 X4(x),

x = (x1, x2) ∈ �, (7)

where α1, α2, α3, α4 ≥ 0, α1 + α2 + α3 + α4 = 1, are
the coefficients that give the intensity image in terms
of the spectral channels, and

X S
n (i, j) = kn ∗ Xn(i, j), ∀(i, j) ∈ S,

n = 1, 2, 3, 4, (8)

which correspond to (1) and (2), respectively. We need
to assume that it is possible to evaluate kn ∗ Xn at any
point of S. For that, we shall assume that k is the kernel
of a convolution operator mapping L2(�) into C(�)
where k is any of the kernels k1, k2, k3, k4. Under this
assumption, for any point (i, j) ∈ �, the map from any
f ∈ L2(�) to

k ∗ f (i, j) =
∫

�

k((i, j) − (x1, x2)) f (x1, x2) dx1 dx2

is a linear functional in L2(�), and relation (8) makes
sense.
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The problem of recovering (X1, X2, X3, X4) from
u and (X S

1 , X S
2 , X S

3 , X S
4 ) is ill-posed. Indeed, condi-

tions (7) and (8) do not uniquely determine the vector
(X1, X2, X3, X4), and the problem involves the inver-
sion of a convolution equation. Typically one is led to a
regularization method. The geometric requirement that
the geometry of the images X1, X2, X3, X4 is given by
the geometry of the intensity u will give the required
regularization.

Constraining the Geometry of the Spectral Channels.
We shall assume that the intensity image u is a function
of bounded variation, i.e., u ∈ BV (�). Since � ⊆ R2,
we have in particular that u ∈ L2(�). As recalled in
Section 2, there is a vector field θ : � → R2 with
|θ | ≤ 1 such that

θ · ∇u = |∇u| as measures in �, and

|θ | = 1 |∇u| a.e..

θ represents the vector field of unit normals of the level
lines of u. Its counterclockwise rotation of angle π/2,
denoted by θ⊥, represents the unit tangents of the level
lines of u. Formally, the integration of the system of
differential equations ẋ = θ⊥(x) would give us again
those level lines. Thus, we use either θ or θ⊥ as a de-
scriptor of the geometry of u given by its topographic
map. In practice, at the discrete level, θ can be defined
by the relation θ (x) = ∇u(x)

|∇u(x)| when ∇u(x) �= 0, and
θ (x) = 0 when ∇u(x) = 0, x ∈ �.

Given the vector field θ , and assuming that
X1, X2, X3, X4 ∈ BV (�), we impose that the fam-
ily of lines of Xn , n = 1, 2, 3, 4, is contained in the
family of level lines of u by imposing either that

|∇ Xn| = θ · ∇ Xn, n = 1, 2, 3, 4, (9)

or

θ⊥ · ∇ Xn = 0, n = 1, 2, 3, 4. (10)

Both relations mean that θ⊥ is tangent to the level lines
of Xn . Thus, heuristically, the level lines of Xn are inte-
gral curves of θ⊥, and, thus, are contained in the family
of level lines of u. We can say that the channels Xn

share the geometry of the panchromatic image. Obvi-
ously, relations (9) and (10) cannot be exactly satisfied
and we have to impose them in a variational framework
(together with the other constraints discussed in the in-
troduction). To help impose (9) we propose including

the following sums in the energy functional

4∑
n=1

γn

∫
�

(|∇ Xn| − θ · ∇ Xn) dx . (11)

In a similar way, relation (10) can be imposed in a
variational framework by including the following terms
in the energy functional

4∑
n=1

γn

∫
�

|θ⊥ · ∇ Xn|2 dx . (12)

In both cases, the constants γ1, γ2, γ3, γ4 > 0 permit
control of the relative weight assigned to each channel.
In practice, we do not privilege any channel over the
other ones, so we assign γ1 = γ2 = γ3 = γ4 = 1.

Let us explain the different exponents appearing in
the variational formulations of (9) and (10) represented
by formulas (11) and (12), respectively. The energy
functional constructed with (11), plus the terms corre-
sponding to constraints (7) and (8), can be minimized in
BV (�)4 = BV (�)× BV (�)× BV (�)× BV (�) (see
Theorem 1 in Appendix 5). As explained in Section 2,
we use this space because we want to ensure the possi-
bility that the solutions of our problem have disconti-
nuities along rectifiable curves. The energy functional
constructed with (12) can be minimized in the fourth
power of the space of functions X ∈ L2(�) such that
θ⊥ · ∇ X ∈ L2(�) (see Appendix 5), and this set of
functions also permits to recover the discontinuities in
the images, as long as θ is orthogonal to them. The ex-
pression (12) only measures the regularity of Xn along
the integral curves of θ⊥, which are the level lines of
u, and the edges of the panchromatic image are not
penalized. To measure such regularity, we could use a
different power p > 1 instead of p = 2 (the case p = 1
can also be used in practice, though at the theoretical
level it introduces some mathematical difficulties that
we cannot handle at this moment); we have tested it
without observing noticeable differences. For compu-
tational reasons, we have chosen p = 2 since the cor-
responding Euler-Lagrange equations are linear in the
unknowns and the numerical algorithm to solve them
is faster. We also notice that (12) is invariant under con-
trast inversion. Such invariance is particularly suitable
when considering the case of false color images (see
(Lisani and Morel, 2000)). In any case, we have tested
numerically both functionals with very similar results
(see Section 4.2).
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Let us write functional (11) in a convenient form
for computational purposes. For that, we integrate the
second term of each integral by parts. By using θ ·ν = 0
on ∂� (where ν is the outer unit normal to ∂�), we may
write (11) in the form

4∑
n=1

γn

∫
�

(|∇ Xn| + div θ · Xn) dx . (13)

Recall that we should not use the symbol dx when we
integrate a measure.

Imposing (7) and (8) in a Variational Framework. We
impose the constraint (7) by minimizing the integral
term∫

�

(α1 X1 + α2 X2 + α3 X3 + α4 X4 − u)2 dx . (14)

To help impose constraint (8), we include the following
sums in the objective function∑

(i, j)∈S

(kn ∗ Xn(i, j) − X S
n (i, j))2

(15)

for each n = 1, 2, 3, 4. We rewrite the above rela-
tions in an integral form; this will be useful for writ-
ing the Euler-Lagrange equations in a more compact
way. We need some notation for that. Let δ(i, j) be
Dirac’s delta function located at the point (i, j). Let

S = ∑

(i, j)∈S δ(i, j) be a Dirac’s comb defined by the
grid S. Then, we may write (15) in integral form as∫

�


S
(
k ∗ Xn(x) − X S

n (x)
)2

dx (16)

for each n = 1, 2, 3, 4, where X S
n (x) denotes an ar-

bitrary extension of X S
n (i, j) as a continuous function

from S to �. Since the integrand term above is multi-
plied by 
S , the integral expression (16) does not de-
pend on the particular extension of X S

n , n = 1, 2, 3, 4.
We shall impose a further constraint on X1, X2,

X3, X4. Indeed, for each n = 1, 2, 3, 4, let

Mn = max
(i, j)∈S

max

(
u(i, j)

αn
, X S

n (i, j)

)
. (17)

Then, we shall impose that

0 ≤ Xn ≤ Mn, n = 1, 2, 3, 4. (18)

These constraints are useful for mathematical justifica-
tion of the algorithm.

The Energy Functional. To fix ideas, we propose
computing the high-resolution multispectral images
X1, X2, X3, X4 by minimizing the energy functional:

4∑
n=1

γn

∫
�

|θ⊥ · ∇ Xn|2 dx

+λ

∫
�

(
4∑

n=1

αn Xn − u

)2

dx

+μ

4∑
n=1

∫
�


S
(
(kn ∗ Xn(x) − X S

n (x)
)2

dx

(19)

subject to 0 ≤ Xn ≤ Mn , n = 1, 2, 3, 4,
where Xn ∈ BV (�), γn, λ, μ > 0, n = 1, 2, 3, 4 (in
practice, all these parameters are taken equal to 1). As
an alternative based on (13), we could use the functional

4∑
n=1

γn

∫
�

(|∇ Xn| + div θ · ∇ Xn) dx

+ λ

∫
�

(
4∑

n=1

αn Xn − u

)2

dx

+ μ

4∑
n=1

∫
�


S
(
(kn ∗ Xn(x) − X S

n (x)
)2

dx

(20)

subject to the same constraints as (19). We notice that
the first integral in (20) was also used in Ballester et al.
(2001) to impose the constraint θ · ∇u = |∇u| in the
context of a variational formulation of filling-in holes in
images by joint interpolation of vector fields and gray
levels. In that context, both θ and u were unknown.

If we consider only the channels X1 = red, X2 =
green, X3 = blue, both functionals (19) and (20) can
be effectively used as we have shown in Ballester et al.
(2003). When we add the channel X4 = near infrared,
it seems slightly better to use functional (19), or a vari-
ant of it that uses (10) for the near infrared channel and
(9) for the red, green, and blue channels. The main rea-
son is that functional (19) is invariant under the change
θ → −θ , or, in other words, it is invariant under con-
trast inversion. The main advantage of (19) is that the
corresponding Euler-Lagrange equations are linear in
Xn and a steepest descent algorithm converges to a
minimum faster than in the case of (20). Indeed, for
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an image of size 800 × 800 the execution time is 63
seconds on a 1.8 GHz Pentium.

3.2. The Discrete Formulation

To proceed with the discrete numerical algorithm, we
assume that the panchromatic image u is given on
{0, 1, . . . , N − 1} × {0, 1, . . . , N − 1}. We replace the
gradients in (20) by discrete approximations; for any
scalar function f we shall use the notation

∇+,+ f = (∇+
x f, ∇+

y f ), ∇+,− f = (∇+
x f, ∇−

y f ),

∇−,+ f = (∇−
x f, ∇+

y f ), ∇−,− f = (∇−
x f, ∇−

y f )

where

∇+
x f (i, j) = f (i + 1, j) − f (i, j),

∇−
x f (i, j) = f (i, j) − f (i − 1, j),

∇+
y f (i, j) = f (i, j + 1) − f (i, j),

∇−
y f (i, j) = f (i, j) − f (i, j − 1).

Note that the dual operators to ∇+,+, ∇+,−, ∇−,+, ∇−,−

are, respectively, the operators div−,−, div−,+, div+,−,
div+,+. We use the notation θα,β = ∇α,βu

|∇α,βu| if ∇α,βu �= 0
and θα,β = 0 if ∇α,βu = 0, for α, β = +, −. We ob-
serve that in our experiments in Section 4.2 the values
of u and Xn , n = 1, 2, 3, 4, which were furnished to
us by the CNES, are quantized in the range [0, 511], or
[0, 1023], depending on the set of images. To dequan-
tize the data and have a better estimate of θ we can
apply a dequantization strategy, as the one proposed
in Desolneux et al. (2002). We have indeed tested this
procedure with the CNES data without significant im-
provement of our results.

For brevity, we shall only describe the discrete for-
mulation of (19), which can be written as

4∑
n=1

γn

4

∑
α,β=+,−

N−1∑
i, j=0

|θα,β(i, j)⊥ · ∇α,β Xn(i, j)|2

+ λ

N−1∑
i, j=0

(
4∑

n=1

αn Xn(i, j) − u(i, j)

)2

+ μ

4∑
n=1

∑
(i, j)∈S

(
(kn ∗ Xn(i, j) − X S

n (i, j)
)2

,

subject to

0 ≤ Xn ≤ Mn, n = 1, 2, 3, 4. (21)

Observe that we have simultaneously used the four
discretizations for the gradient, since using only one
of the approximations may produce some artifacts or
asymmetries in the results.

4. Algorithm and Numerical Experiments

To be concise, we only describe the algorithm used to
minimize (21). Applying the gradient descent method,
to minimize (21) we iteratively compute the solution
using the equations

X (m+1)
n = X (m)

n + �t
γn

4∑
α,β=+,−

divα∗,β∗((θ⊥
α,β · ∇α,β X (m)

n

)
θ⊥
α,β

)
− μ�tkt

n ∗ (

S

(
kn ∗ X (m)

n − X S
n

))
− λαn�t

(
3∑

n=1

αn X (m)
n − u

)
. (22)

where n = 1, 2, 3, 4, m ≥ 0. The constraint that Xn ,
n = 1, 2, 3, 4, should remain in the range between 0
and an upper value Mn can be imposed after each itera-
tion by truncation. To avoid a cumbersome expression
we have avoided writing in detail the terms involving
kn . In practice, it is very important to guarantee that
the energy (21), call it E(X (m)

1 , X (m)
2 , X (m)

3 , X (m)
4 ), de-

creases along the evolution, i.e., that

E
(
X (m+1)

1 , X (m+1)
2 , X (m+1)

3 , X (m+1)
4

)
≤ E

(
X (m)

1 , X (m)
2 , X (m)

3 , X (m)
4

)
. (23)

For that, we have to control the time increment �t .
Indeed, at each iteration, we only accept �t if (23)
holds. We have the possibility of choosing �t so that
the energy has the largest decrease in the direction of
the energy gradient. If ∇E(X (m)

1 , X (m)
2 , X (m)

3 , X (m)
4 ) de-

notes the energy gradient given in the right-hand side
of (22), then �t can be chosen as a solution of

min
s>0

E
((

X (m)
1 , X (m)

2 , X (m)
3 , X (m)

4

)
− s∇E

(
X (m)

1 , X (m)
2 , X (m)

3 , X (m)
4

))
. (24)

In practice, we observed that long-term decrease of the
energy is favored not with the optimal choice of �t at
each iteration but with a constant choice, adapted so
that (23) holds at each iteration.
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4.1. Description of the Data

We test our method with some reference multispec-
tral satellite images furnished to us by the CNES.
The data consists of a panchromatic image u(i, j),
i, j ∈ {0, . . . , N − 1}, at a resolution of 0.7 m/pixel,
and a set of multispectral images

�u2.8 = (R2.8, G2.8, B2.8, I R2.8)

at a resolution of 2.8 m/pixel, which represent the
red, green, blue, and near infrared spectral channels,
respectively. These data have been generated by the
CNES simulating a precise satellite. To test our ex-
periments, we also employ a ‘ground truth’ reference
image

�uref = (Rref(i, j), Gref(i, j), Bref(i, j), I Rref(i, j)),

i, j ∈ {0, . . . , N − 1},

at a resolution of 0.7 m/pixel.
Following the notation used above, we identify the

multispectral channels as

X S
1 = R2.8, X S

2 = G2.8, X S
3 = B2.8, X S

4 = I R2.8,

and, similarly, our unknowns (X1, X2, X3, X4) repre-
sent the red, green, blue, and near infrared channels,
respectively.

Each satellite acquires a different panchromatic im-
age, hence it is described by a different set of val-
ues αi , i = 1, 2, 3, 4. For an account of differ-
ent satellite models we refer to http://smsc.cnes.fr.
For reasons of space, we have restricted our ex-
periments below to the simulation of a precise
case, where the panchromatic constraint (7) is given
by

u = 0.5X1 + 0.5X2. (25)

In other words, the constants αn are

α1 = 0.5, α2 = 0.5, α3 = 0, α4 = 0.

The impulse responses kn have also been provided to us
by the CNES, and have a size of 41 × 41. Both αn , and
kn , n = 1, 2, 3, 4, are the parameters used to describe
the image acquisition model.

4.2. Numerical Experiments

The experiments below test an increase of resolution
by a factor of 4. We display our results in the case
of true color (where we display the red, green, and
blue channels) and in the case of false color (where we
display the near infrared, red, and green channels).

We iteratively minimize (21) using the gradient de-
scent equations given in (22). We initialize (22) with
an image obtained by simple replication of �u2.8 by a
factor 4. We have also tested other initializations like a
DCT zoom (of factor 4), or a more sophisticated initial-
ization obtained using the approach in Caselles et al.
(2000), and they speed up the convergence of the al-
gorithm. But our experiments have also shown that the
results obtained are similar.

The functions u and �u2.8 constitute the basic data
of the problem. We stress that the unknowns are the
four spectral channels Xn , n = 1, 2, 3, 4, represent-
ing the red, green, blue, and near infrared channels.
But, for purposes of visualization, we first display
true color images (involving the (R, G, B) channels),
and then false color images (involving the (I R, R, G)
channels).

The reference image permits us to assess the quality
of the reconstructed image. We shall compare the re-
constructed images (X1, X2, X3, X4) = (R, G, B, I R)
with the reference images (Rref, Gref, Bref, I Rref) both
visually and by displaying some error measures. We

Figure 1. Experiment 1: The true color reference image
(Rref, Gref, Bref).
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shall compute the errors on the whole image and on
certain representative regions (see Fig. 8) . Let A de-
note the region where the error is computed (the whole
image or a region of it). We shall use the maximum, �1,
and �2 error measures, i.e.,

(i) The maximum error:

max
(i, j)∈A

|R(i, j) − Rref(i, j)|.

Figure 2. Experiment 1: (a) Left: The panchromatic image at
resolution 0.7 m/pixel, denoted in the text by u. (b) Right:
(R2.8, G2.8, B2.8) spectral channels at a resolution of 2.8 m/pixel,
i.e., the (R, G, B) coordinates of �u2.8.

Figure 3. Experiment 1: (R, G, B) channels of the initialization
(obtained by replication by a factor of four) of the algorithm based
on functional (21).

(ii) The �1 norm

1

|A|
∑

(i, j)∈A

|R(i, j) − Rref(i, j)|

where |A| denotes the number of pixels of X .
(iii) The �2 norm(

1

|A|
∑

(i, j)∈A

|R(i, j) − Rref(i, j)|2
)1/2

,

Figure 4. Experiment 1: (R, G, B) channels of the reconstructed
image (at the resolution of the panchromatic image) obtained using
functional (21).

Figure 5. Experiment 1: False color image showing the
(I Rref, Rref, Gref) channels of the reference image �uref.
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Figure 6. Experiment 1: (I R2.8, R2.8, G2.8) spectral channels at
resolution 2.8 m/pixel, i.e., the (I R, R, G) channels of �u2.8.

Figure 7. Experiment 1: (I R, R, G) channels of the reconstructed
image (at the resolution of the panchromatic image) obtained using
functional (21).

Figure 8. Experiment 1: Regions where the statistics of Fig. 9 are computed.

with similar expressions for the other channels. We
also display histograms of errors, and compute some
explicit percentiles.

We performed experiments on a set of 31 images
furnished to us by the CNES who also evaluated the re-
sults. They were good for the (R, G, B) channels and
of poorer quality for the infrared one. This is not a
surprise, since our basic assumption that the geom-
etry of the spectral channels is given by the geom-
etry of the panchromatic image is not so reasonable
for the infrared one. For reasons of space we present
only two experiments with its corresponding errors.
In Experiment 1, the range of values of u and Xn

is the interval [0, 511]. In experiment 2, this range
is [0, 1023].

Experiment 1: Display of True Color Results. Figure 1
displays the red, green, and blue channels of reference
image �uref, i.e., (Rref, Gref, Bref). Figure 2(a) displays
the panchromatic image u, and Fig. 2(b) shows the
spectral channels (R2.8, G2.8, B2.8) of the lower resolu-
tion data �u2.8. Both images were furnished to us by the
CNES.

Figure 4 displays the (R, G, B) channels of the re-
constructed image, which are at the resolution of the
panchromatic image, obtained using functional (21).
The kn ∗ Xn convolution was computed in the Fourier
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Figure 9. Errors corresponding to Experiment 1: Columns 1,2,3 contain the maximum, the �1 and the �2 errors, respectively. Column 4 contains
the mode of the error distribution, that is, the most probable error. Columns 5 to 9 contain the percentiles of the error, i.e., Pα is the value such
that P(error ≤ Pα) = α/100.
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Figure 10. Experiment 2: (a) Top: The true color reference image
(Rref, Gref, Bref). (b) Middle left: The panchromatic image at resolu-
tion 0.7 m/pixel. (c) Middle right: (R2.8, G2.8, B2.8) spectral channels
at a resolution of 2.8 m/pixel. (d) Bottom: (R, G, B) channels of the
reconstructed image (at the resolution of the panchromatic image)
obtained using functional (21).

domain. The result should be compared with the refer-
ence image in Fig. 1. The (R, G, B) channels used to
initialize (22) are displayed in Fig. 3.

Figure 9 displays the errors between the reference
image and the result; in particular, it contains the er-
rors in the (R, G, B) channels. Figure 8 displays some
regions where errors are computed. Below the table,
we display the corresponding histogram of errors.

Experiment 1: Display of False Color Results. To
display a false color image we have used the near
infrared, red and green channels in place of the
usual (R, G, B) channels (and in this order). Figure 5
displays the (I Rref, Rref, Gref) channels of the ref-
erence image �uref. Figure 6 displays the spectral
channels (I R2.8, R2.8, G2.8) at a resolution of 2.8
m/pixel. Figure 7 displays the (I R, R, G) channels
of the reconstructed image, which are at the res-
olution of the panchromatic image, obtained using
functional (21).

Figure 9 displays the errors between the reference
image and the result; in particular, it contains the errors

Figure 11. Experiment 2: (a) Top: False color image of the
(I Rref, Rref, Gref) channels of the reference image. (b) Mid-
dle: (I R2.8, R2.8, G2.8) spectral channels at a resolution of 2.8
m/pixel. (c) Bottom: (I R, R, G) channels of the reconstructed im-
age (at the resolution of the panchromatic image) obtained using
functional (21).

in the IR channel. Below the table, we display the
corresponding histogram of errors.

Experiment 2: True Color Results. Figure 10
displays an experiment with an image of vegetation.
Figure 10(a) displays the (R, G, B) channels of the ref-
erence image. Figure 10(b) displays the panchromatic
image at a resolution of 0.7 m/pixel, and Fig. 10(c)
displays the (R, G, B) channels at the resolution of
2.8 m/pixel. Figure 10(d) displays the (R, G, B) chan-
nels of the reconstructed image at the resolution of
0.7 m/pixel obtained using functional (21). The corre-
sponding errors are displayed in Fig. 12.

Experiment 2: False Color Results. Figure 11(a)
displays the (I R, R, G) channels of the reference
image. Figure 11(b) displays the (I R, R, G) chan-
nels at the resolution of 2.8 m/pixel. Figure 11(c)
displays the reconstructed (I R, R, G) channels at
the resolution of 0.7 m/pixel obtained using func-
tional (21). The corresponding errors are displayed in
Fig. 12.

Remark. We have also tested functional (20) and
functional (19) replacing the power p = 2 in the
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Figure 12. Errors corresponding to Experiment 2. Columns 1,2,3 contain the maximum, the �1 and the �2 errors, respectively. Column 4
contains the mode of the error distribution. Columns 5 to 9 contain the percentiles of the error.

Figure 13. (a) Top: (R, G, B) channels of the reconstructed image
obtained by interpolating the chromatic channels in the CIELAB
color system. (b) Bottom: (I R, R, G) channels of the reconstructed
image with the same method.

term
∫
�

|θ⊥ · ∇ Xn|p dx by p = 1 with compara-
ble results. The results obtained with functional (19)
with p = 2 are usually better than the ones with (20)
and similar to the ones obtained with p = 1, but, in
any case, the errors differ in the last digit by a small
amount.

Interpolation of Chromatic Channels in the C I E L AB
Color System. We display an experiment to compare
our results with a simple fusion method based on the
following strategy: (A) We transform the (R, G, B)
channels of the low-resolution multispectral image to
the L∗a∗b∗ color system (see (Hunt, 1998)), (B) We in-
terpolate the a∗, b∗ chromatic components at the reso-
lution of the panchromatic image using bilinear or bicu-
bic interpolation, (C) Using the panchromatic image as
the Y component in the XY Z color system, we compute
the corresponding L∗ component. Then, together with
the a∗, b∗ channels obtained in Step B), we compute
the (R, G, B) components of the reconstructed high-
resolution image. Even if it is not adapted to this case,
we use the same strategy replacing the (R, G, B) chan-
nels by the (I R, R, G) ones. Notice that this method
also imposes the geometry of the panchromatic im-
age to the reconstructed high-resolution multispectral
channels.

We perform our experiment on the panchromatic im-
age and the (R, G, B) spectral channels displayed in
Fig. 2. Then we repeat it with the (I R, R, G) channels
displayed in Fig. 6. Figure 13(a) and (b) display the re-
constructed (R, G, B), respectively (I R, R, G), chan-
nels obtained using the simple interpolation method
described above. The corresponding errors are dis-
played in Fig. 14. We observe that the errors are slightly
larger than the ones obtained with our method (see
Fig. 9).

Using a simple method, like bilinear, bicubic, zero
padding using the FFT, or DCT, to interpolate the mul-
tispectral channels does not give acceptable results.
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Figure 14. Errors corresponding to the results in Fig. 13. Columns 1,2,3 contain the maximum, the �1 and the �2 errors, respectively. Column
4 contains the mode of the error distribution. Columns 5 to 9 contain the percentiles of the error.

5. Conclusions

We have reported a variational model for increasing
the resolution of satellite multispectral data knowing
the panchromatic image at higher resolution and the
multispectral data at a lower resolution. The model in-
corporates the relations between the spectral channels
and the panchromatic image (1) and the relation de-
scribing how low-resolution pixels are formed from
high-resolution pixels by a lowpass filter followed by
subsampling (2). The main feature of our model is the
incorporation of the hypothesis that for satellite mul-
tispectral images, to a large extent, the geometry of
the spectral channels is contained in the topographic
map of its panchromatic image. We have constructed
two slightly different energy functionals, (20) and (19),
which incorporate the above three basic postulates.
Note that functional (19) is invariant under contrast
inversion, i.e, under the change of θ into −θ . Contrast
inversion seems to be important because of the pres-
ence of the near infrared channel. Finally, we described
our algorithm to minimize these functionals and, for
simplicity, we displayed some experiments relative to
functional (19) showing its capabilities in true color
and false color. The results with both functionals are
comparable.

Finally, let us mention that the Euler-Lagrange equa-
tions of functional (19) are linear in the variables and
the gradient descent exhibits fast convergence. The
number of operations per pixel is 2700. The time spent
reconstructing an image of size 800 × 800 pixels on a
1.8 GHz Pentium is 63 seconds.

Appendix

Existence of Solutions of the Variational Problems (19)
and (20). Let W 1,2(�) denote the space of functions
u ∈ L2(�) such that ∇u ∈ L2(�). Assume that θ :
� → R2 is such that |θ (x)| ≤ 1 a.e., and satisfies
div θ⊥ ∈ L2(�). Let W (�, θ ) be the completion of

W 1,2(�) with respect to the norm

�(u) =
( ∫

�

|θ⊥ · ∇u|2 dx

)1/2

+
( ∫

�

|u|2
)1/2

.

We have the following result.

Theorem 1. If div θ⊥ ∈ L2(�), then the functional
(19) admits a minimum in W (�, θ )4. Similarly, if
div θ ∈ L2(�), functional (20) admits a minimum in
BV (�)4.
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