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Abstract

This paper provide a generalization of non-reducible de-
scriptors. Non-reducible descriptors are used in super-
vised pattern recognition problems when the pattern de-
scriptions consist of Boolean variables. This generalization
extends the concept of distance between patterns of differ-
ent classes. A mathematical model to construct generalized
non-reducible descriptors, a computational procedure, and
numerical examples are discussed.
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1. Introduction

In this paper, we address the supervised pattern recog-
nition problem where the mathematical model is based on
Boolean formulas. A typical example of a pattern recogni-
tion problem with binary features would be a medical di-
agnosis based on the presence or absence of a number of
symptoms. The minimal combination of such features is
called aNon-Reducible Descriptor (NRD) [7].

The formulation of thesupervised pattern recognition
problem is as follows. LetM be a set of patterns, each
pattern denoted byQ. The setM is a union of a finite num-
ber ofl disjoint subsetsM = [l

j=1Kj ; Ki\Kj = ;; i 6= j,
which are calledclasses. The setM is not completely
known. The only information known is the training set
M 0 � M containingm elements and howM 0 is divided
into l classes. The pattern recognition problem for an arbi-
trarily chosen patternQ 2 MnM 0 consists of determining
the values of the predicatesQ 2 Kj ; j = 1; : : : ; l using
the training set and the description of the patternQ. We
will consider the case when the training set is given by the
training tableTm;n;l = [ti;j ]; i = 1; : : : ;m; j = 1; : : : ; n,
where the linei corresponds to the description of the pattern
Qi; i = 1; : : : ;m.

Thedescriptor of a certain pattern is a sequence of values
of its features that makes it different from the descriptions
of patterns of the remaining classes. An Non-Reducible De-
scriptor (NRD) is a descriptor of minimal length. In other
words, if any of its arbitrarily chosen feature values are dis-
regarded, then this NRD is no longer a descriptor. Thus,
the NRD discriminates the pattern from all patterns of the
remaining classes.

In this approach the training stage refers to the process of
constructing NRDs for all the classes (NRD sets). The pro-
cess of construction of NRDs inherently contains the pro-
cess of feature selection and reduction. In this paper the
NRD concept is extended tok-Non-Reducible Descriptors
(k-NRDs). Thek-NRDs are also calledGeneralized Non-
Reducible Descriptors (GNRD). Thek-NRD is a descriptor
for which the Hamming distance to all the patterns from the
remaining classes is at leastk.

The proposed technique has some similarities to then-
tuples techniques for OCR feature extraction in handprinted
character recognition [2], [3], [6]. Ann-tuple is a collec-
tion of n different binary features that ”fit” the descriptions
of some patterns and do not ”fit” the descriptions of other
patterns from the training set. Therefore, then-tuple is de-
signed to dichotomize a set of patterns. In other words an
n-tuple is associated with the presence or absence of a spe-
cific black and white pixel configuration in a given pattern.

The approach to finding NRDs and GNRDs differs from
the approach to extractn-tuples in two aspects. First, NRDs
and GNRDs are constructed for a given pattern and are
properties of that pattern. NRDs and GNRDs discriminate
that pattern from all the patterns of the remaining classes.
Then-tuples dichotomize the training set on two subsets.
The second difference is related to the length of the de-
scriptors. In then-tuples, the value ofn is experimentally
found and alln-tuples have the same length. In contrast, the
NRD is a descriptor with minimal length and hence, differ-
ent NRDs for a given pattern may have different length. The
GNRD is also a descriptor of minimal length. The lengths
of NRDs and GNRDs are found automatically during the
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process of their construction.

2. Non-Reducible Descriptors

Definition 1. Let Qr = (tr1; tr2; : : : ; trn). The se-
quence (trj1 ; trj2 ; : : : ; trjd), jd � n is called a descrip-
tor for pattern Qr 2 Ki if there does not exist any pattern
Qs 2 Kp, p = 1; 2; : : : ; i � 1; i + 1; : : : ; l in the training
table with the same sequence.

Definition 2. A given descriptor is called a Non-
Reducible Descriptor (NRD) if none of its arbitrarily chosen
subsets is a descriptor.

Definition 2 means that if an arbitrarily chosen feature is
removed, then this descriptor loses its property of descrip-
tor. Therefore, the NRD is a descriptor of minimal length.
Next, we assume that the NRD of patternQr is given by its
indicesj1; : : : ; jd. Let us consider the problem of obtaining
the NRD set of a given patternQr 2 Ki; i = 1; : : : ; l. Let
the number of patterns which do not belong toKi bem0.

Definition 3. The dissimilarity matrix for a patternQr 2
Ki is a binary matrix Lr = [lv j ]; v = 1; : : : ;m0, j =
1; : : : ; n obtained as follows:

lv j =

�
1; if tr j 6= tv j ;
0; otherwise,

where tr j and tv j are the values of feature j of Qr 2 Ki

and Qv =2 Ki, respectively.
Note that from the conditionKi \ Kj = ; for i 6= j;

i; j = 1; : : : ; l it follows that every row of the matrixLr

contains at least one unit.
Definition 4. The number of elements d in an NRD is

called a rank and is denoted by NRD d.
Definition 5. Columns j1; j2; : : : ; jd of an arbitrary

f0; 1g-matrix M of dimension (m � n) form a covering
of matrix M if there does not exist row p, p = 1; 2; : : : ;m,
such that mp;jq = 0 for q = 1; 2; : : : ; d.

Theorem 1. [7] A pattern Qr possesses an NRD d iff

a) there exists a finite number of permutations of rows
and columns that transform the dissimilarity matrixLr

into a matrix:

L
0

r =

�
Ed P1
P2 P3

�
; (1)

where the submatrix Ed is a identity submatrix of di-
mension (d � d) and further permutations cannot re-
sult in obtaining a larger identity submatrix compris-
ing Ed;

b) the covering condition of submatrix P2 holds.

Ed is the maximal identity submatrix of dimension(d�
d), whered is the rank of the constructed NRD. The indices

of the columns ofEd define the indices of Boolean variables
included in NRDd expressed as a conjunction with rankd.
This problem always has a solution since any dissimilarity
matrixLr contains at least one unit in each row due to our
assumption of class disjointness.

3. Generalized Non-Reducible Descriptors

Let the training tableTn;m;l be given. Let the pattern
Qr 2 Ki. Letd andk be positive integers, whered 2 [3; n]
andk 2 [2; d� 1], andk < d.

Definition 6. A descriptor (tr j1 ; tr j2 ; : : : ; tr jd) of pat-
tern Qr is called a k-Non-Reducible Descriptor (k-NRD) if
none of its arbitrarily chosen subsets, containing (d � k)
elements is a descriptor.

Definition 7. The number of elements d in a k-NRD is
called a rank and is denoted by k-NRD d.

The following properties hold:
Property 1. The rank d of each k-NRD d is minimal with

respect to the parameter k.
Let k-NRDd be constructed on the set of features

fj1; j2; : : : ; jdg. This property means that there is no
(k � 1)-NRDd on the same set of featuresfj1; j2; : : : ; jdg.

Property 2. For each k-NRD d there exists d in number
different (k � 1)-NRD d�1.

Definition 8. Columns j1; j2; : : : ; jd of f0; 1g-matrixM
of dimension (m � n) form a k-covering of matrix M if in
each row p, p = 1; 2; : : : ;m, there are at least k units.

Let us remove from the training tableTn;m;l all rows be-
longing to classKi with exception the rowr. Let us divide
the remaining rows on two classes so that the first class is
represented only by patternQr, and the second class is the
union of all other classesKj ; j = 1; : : : ; l, j 6= i. Let the
second class containm0 patterns.

Let s =
�
d

k

�
, wherek < d, k = 2; 3; : : : ; d � 1. We as-

sume thatm0 � s. Analogous to Theorem 1, the following
theorem can be proven.

Theorem 2.A pattern Qr possesses a k-NRD d iff

a) there exists a finite number of permutations of rows
and columns that transform the dissimilarity matrixLr

into a matrix:

L
00

r =

�
Fd R1

R2 R3

�
; (2)

where the submatrixFd is of dimension (s�d) in which
k units are distributed in d positions in all possible
ways (s in numbers), and k < d;

b) the k-covering condition of submatrix R2 holds.

The k-covering condition of matrixR2 is necessary to
keep the patternQr in a Hamming distance at leastk far
from all patterns that are not involved in the construction
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of k-NRDd. The computational procedure for construction
thek-NRDd set for patternQr follows from Theorem 2:

1. Find out inLr all the different matricesFd with the
given property by all the possible permutations of rows and
columns.

2. Check thek-covering condition for matrixFd.

The indices of the columns in matrixFd define the in-
dices of Boolean variables included in thek-NRDd. If
k = 1 then an NDRd is obtained. Therefore, thek-NRDd

is an NRDd for which the distance to the remaining classes
is at leastk, k � 1.

We will discuss the suggested procedure. Let the min-
imal values ofd = 3 andk = 2 be given. By permut-
ing the rows and the columns, all the possible matricesFd

are constructed whenever they exist. If nok-NRDd is con-
structed for a givend andk, then the value ofk is increased,
k = 3; : : : ; d � 1 and the procedure is repeated. The value
of d is increased after exhaustingk. In other words the
procedure to obtain the set ofk-NRDd is to construct all
1-NRD and, if possible, to extend them tok-NRDd for
k = 2; 3; : : : ; until the maximal value ofk is achieved. Note
that the problem for constructingk-NRDd for k > 1 does
not always have a solution.

Example 1.Given the following training tableT7;14;2:

T7;14;2 =

2
66666666666666666666664

1 0 1 0 1 0 0
1 0 0 0 1 1 0
1 0 1 0 1 1 1
0 0 1 1 1 0 1
0 0 0 1 1 0 1
0 1 1 1 1 0 0
0 1 1 1 0 1 0
1 1 1 1 0 0 1
1 1 1 1 1 1 0
1 0 0 1 1 0 1
0 0 1 1 0 1 0
1 1 0 0 0 0 0
1 0 0 0 0 1 0
0 0 0 1 0 0 0

3
77777777777777777777775

:

Let the patternsQ1; Q2 2 K1 andQ3; : : : ; Q14 2 K2. The
sequence(t1;4; t1;5; t1;6; t1;7) = (0; 1; 0; 0) is a descriptor
and(t1;4; t1;5; t1;6) = (0; 1; 0) is an NRD3 of patternQ1,
and(t2;3; t2;4; t2;5) = (0; 0; 1) is an NRD3 of patternQ2.
These two NRDs may be expressed respectively by con-
junctions�x4x5�x6 and�x3�x4x5. The dissimilarity matrixL1

for the patternQ1 2 K1 is as follows:

L1 =

2
6666666666666666664

0 0 0 0 0 1 1
1 0 0 1 0 0 1
1 0 1 1 0 0 1
1 1 0 1 0 0 0
1 1 0 1 1 1 0
0 1 0 1 1 0 1
0 1 0 1 0 1 0
0 0 1 1 0 0 1
1 0 0 1 1 1 0
0 1 1 0 1 0 0
0 0 1 0 1 1 0
1 0 1 1 1 0 0

3
7777777777777777775

:

If dissimilarity matrixL1 is subjected to permutations by
rows and columns, then matrixL

00

1
will be as follows:

L
00

1
=

2
6666666666666666664

0 0 0 1 1 1 0
0 0 1 0 1 0 0
0 0 1 1 0 0 1
0 1 0 0 1 1 1
0 1 0 1 0 0 1
0 1 1 0 0 1 0
1 0 0 0 1 1 0
1 0 0 1 0 1 1
1 0 1 0 0 1 1
1 1 0 0 0 1 0
1 1 1 0 0 1 1
1 0 0 1 1 1 0

3
7777777777777777775

:

A submatrixF5 with dimension(10� 5) is obtained in the
upper left corner of matrixL

00

1 . In F5 two units are dis-
tributed in all 10 possible ways in 5 columns. Therefore,
according to Theorem 2, elements(t1;1; t1;2; t1;3; t1;6; t1;7)
form a 2-NRD5 for the patternQ1. It is easy to see that
if two arbitrarily chosen features are removed, then this de-
scriptor loses its property of being descriptor. The Ham-
ming distance between the constructed2-NRD5 and all
the descriptions of patterns from the classK2 involving
only the sequence of features(1; 2; 3; 6; 7) is at least 2.
The obtained2-NRD5 can be expressed as the conjunction
x1�x2x3�x6�x7.

Analogous to NRD, the problem for transforming ma-
trix Lr into a matrixL

00

r of kind (2) belongs to the class of
NP-complete problems. The proof is based on a polyno-
mial reducing thed-clique problem to our problem. The
computational complexity of the method depends on the
number of units in the dissimilarity matrix. The number
of units represents the degree of dissimilarity between pat-
terns. Therefore, the closer the descriptions between pat-
terns belonging to different classes are, the more efficient
the proposed method of learning Boolean formulas will be.
Note that ”even more helpful are counterexamples that are
‘near misses’ - that is, negative examples that just barely fail
to be positive examples” [1], [4].

Proceedings of the International Conference on Pattern Recognition (ICPR'00)
1051-4651/00 $10.00 @ 2000 IEEE



4. Decision rules

The decision rule may include constructed NRDs and
GNRDs in different ways. The decision may be accom-
plished by searching for true conjunctions in the descrip-
tion of recognized patterns through a voting procedure. A
vote is given for a recognized patternQ if its description
comprises an NRD or GNRD. Votes are counted for all the
classes. The simplest decision rule is the majority vote.

Let Q = (x1; x2; : : : ; xn) be the description of a recog-
nized pattern. Letm1;m2; : : : ; ml be the number of pat-
terns inK1;K2; : : : ;Kl, respectively. Letn1; n2; : : : ; nl be
the number of votes (true conjunctions) given for the pat-
ternQ from classesK1;K2; : : : ;Kl respectively. The rule
of maximumr can be expressed as:

r =

�
Q 2 Kj ; if max

�
n1
m1

; n2
m2

; : : : ; nl

ml

�
=

nj

mj
,

undefined; otherwise.

Example 2. Let the Arabic numerals be given by the
following representations as(5� 5)-matrices [5]:

0 01 0 0 01 1 10 01 1 10 0 01 10 1 1 1 1 1
0 1 10 0 1 0 0 01 10 0 01 0 1 0 1 0 1 0 0 0 0
0 01 0 0 0 0 01 0 0 01 10 1 0 01 0 1 1 1 10
0 01 0 0 01 0 0 0 1 0 0 01 1 1 1 1 1 0 0 0 01
0 1 1 10 1 1 1 1 1 0 1 1 10 0 0 01 0 1 1 1 10

0 1 1 1 1 1 1 1 1 1 0 1 1 10 01 1 10 01 1 10
1 0 0 0 0 0 0 01 0 1 0 0 01 10 0 01 10 0 01
1 1 1 10 0 01 0 0 01 1 10 01 1 1 1 10 0 01
1 0 0 01 0 1 0 0 0 1 0 0 01 0 0 0 01 10 0 01
0 1 1 10 1 0 0 0 0 01 1 10 1 1 1 10 01 1 10

The results of the training stage are:

Numeral 1 2 3 4 5
Number of NRDs 179 190 204 121 136
Numeral 6 7 8 9 0
Number of NRDs 142 176 9 140 116

The Boolean formula constructed for the numeral 8 is:

f(8) = �x1;5x3;2�x3;5 _ �x1;5x3;2x4;1 _ �x1;5x3;2�x5;1 _

x2;5x3;2�x3;5 _ x2;5x3;2x4;1 _ x2;5x3;2�x5;1 _

�x3;1x3;2�x3;5 _ �x3;1x3;2�x5;1 _ �x3;1x3;2x4;1:

Let us assume that a few binary elements in the descrip-
tions of the numerals are changed due to noise. This will
reflect on the decision rule on the following manner. Letpi
conjunctions fail on the numerali and anotherqi conjunc-
tions vote wrongly for numerali from numerals different
thani. If the noise of recognized patterns is moderate, then
due to the big number of NRDs (GNRDs), the decision rule
of maximum still correctly recognizes patterns. Hence, due
to the multitude of NRDs (GNRDs), the recognition system
will be robust against moderate noise and distortions.

5. Conclusions

The NRD and GNRD concepts can be easily extended to
non-binary features. For example, when the features take
value from the set of real numbersR, the dissimilarity ma-
trix Lr can be constructed as follows: 1, ifjtr j � tv j j > "j
and 0, otherwise, where"j is a chosen threshold. Another
approach to obtain binary features is by transforming the
description of the training set intok different values, where
k is an integer,k � 2, [8]. If k > 2 is obtained, then NRDs
(GNRDs) may be expressed using the tools of thek-valued
logic. Another possible extension of NRD and GNRD con-
cepts deals with fuzzy theory.

Potential applications of the proposed approach lie in
many fields, including medicine, molecular biology (for ex-
ample, protein family classification), social sciences, etc.
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