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Abstract

In this work we propose a new supervised deformable
model that generalizes the classical contour-based snake.
This model is defined to deform in a feature space generated
by a set of Gaussian derivative filter responses. The snake
selects and classifies image features by a parametric vector
that gives the direction in the feature space minimizing the
dissimilarity between the learned and found image features
and maximizing the distance between different contour con-
figurations. Each snake curve patch is devoted to search for
a special contour configuration. The classes coresponding
to different contour configurations are obtained by means
of a statistic supervised learning technique using samples
of different contour and no contour points. The snake starts
with a large set of Gaussian filters that is reduced by means
of principal component analysis in a supervised way to op-
timize it in the feature search.

1. Introduction

Deformable models have received the attention of many
researchers in the last decade [10, 1, 3, 8, 6] due to their
ability to interpret sparse set of features and link them to
obtain object’s contours under general assumptions about
the contour shape. The classical snake model is a contour-
based technique that uses energy terms defined from gra-
dient features to segment image objects [5]. The snake de-
forms attracted by high gradient image locations meanwhile
keeps its smooth shape. When object’s contours are man-
ifested by high gradient response, the segmentation task is
performed with high rate of success. Still there are many
applications where such an assumption is not fulfilled lead-
ing to a lose of robustness of the method. Different authors
suggest to combine the gradient potential with valley and
crest maps [13, 2]. Nevertheless, the selection of potentials
and weights is still heuristic and the contribution of differ-
ent potentials is constant. These characteristics prevent the

snakes from using in automatic systems for real complex
applications or lead to a need of an heuristic design to use
external energies depending of the application [13].

We propose to generalize in a double sense the classi-
cal potential that determines the image interpretation by the
snake. First, we do an horizontal generalization by includ-
ing different Gaussian filters and a vertical generalization
by using different scales. The snake learns itself the image
features that best represent the object’s contour. In particu-
lar, the user is freed to determine whether the snake should
be attracted by edge, crest and/or valley points. Second, we
define a parametric external energy to enhance different fea-
tures depending of the snake location in the scene. Snake
vertices are not going to look for the same features, but
each curve patch is guided by a multivalued potential that
drives it towards particular features characterizing a certain
piece of contour. The potential is constant and multivalued
generated by a set of filters applied to the image but, each
snake patch interprets it in different way due to the paramet-
ric classifier embodied into the snake external energy.

In our approach, a supervised learning in conjunction
with a principal component analysis (PCA) is carried out
to characterize each contour patch. The statistic snake ap-
proach is particularly of interest for segmenting and track-
ing volumetric or temporal image sequences. There, a user-
provided contour is necessary to the purpose of the super-
vised learning only in the first image. A parametric snake
classifier for each image is obtained from the snake con-
verged to the object’s contour in the previous image of the
sequence. Therefore, the snake is able to learn the changes
in contour features inside each image as well as along the
sequence in an adaptive way. This property gives the snake
robustness and fast convergence.

The paper is organized as follows: in section 2 we give a
brief background on snakes. In section 3 we introduce our
statistic snake based on PCA and Fisher linear discriminant
analysis (FLDA). In section 4 we give the results of apply-
ing our snake model to the problem of femur segmentation
in CT images and finish the article by conclusions.



2. Snake formulation

A snake is an elastic curve that evolves from its initial
shape and position as a result of the combined action of ex-
ternal and internal forces [5]. The external forces push the
snake towards features of the image, whereas internal forces
model the elasticity of the curve. In a parametric represen-
tation, the snake appears as a curveu(�) = (x(�); y(�)); �
is the internal parameter of the curve. Its internal energy is
defined as follows [5]:

Eint(u) = �

Z
ju�j

2d� + �

Z
ju��j

2d�:

The first term weights the resistance to stretching and the
second one weights the resistance to bending controlled by
the elastic parameters� and�. The external energy is gen-
erally defined from a potential fieldP :

Eext(u) =

Z
P (u(�))d�:

A typical potential is:

P (u(�)) = �
1I(u(�))� 
2r(G�(u(�)) � I(u(�))) (1)

whereI(u) represents the intentisity value andG�(u) is
a Gaussian smoothing function of size�. This potential
pushes the snake curve towards high gradient points of
high/low intensity values. The total energy of the snake is
the sum of the external and internal energies:

Esnake =

Z
[Eint(u(�)) +Eext(u(�))]d�

The solution to the problem of detecting the contour is
found in the minimization of this energy function, which
is generally performed using variational principles [5, 1].

3. Supervised feature learning and principal
component analysis

To drive a snake towards the contour of interest, each
snaxel must be able to distinguish between its correspond-
ing contour patch target and other contours. To this aim,
instead of using (1) we construct a feature space applying
a set of filters to the image that yields the relevant features
to characterize all the contour configurations and we sep-
arate different contour patches in this space. We accom-
plish a supervised learning aimed at the maximization of
the between-class scattering while minimizing the hyper-
space dimension determined by the feature categories.

Initially, we consider a large set (50) of Gaussian deriva-
tive filters [9] that contains derivatives up to degree three
and scales to a number sufficient of characterizing all pos-
sible configurations (in our case, 5). The application of all

these filters has large requirements of storage and time; it
seems natural to perform a reduction of the filter space. We
apply a technique commonly used for dimensionality reduc-
tion based on PCA [11, 12].

Given the problem of femur segmentation in CT im-
ages, a set ofN sample image feature vectors of bone and
non bonefs1; : : : ; sNg are chosen, taking values in ann-
dimensional space. Each component corresponds to the re-
sponse of a filter applied to the original image. Looking for
a certain contourk, each snaxelj can be classified to one
of two clasesfck; �ckg, representing the pixels belonging to
the contour and viceversa. Our first goal is to obtain a linear
transformation that maps the originaln-dimensional space
into an 1-dimensional feature space where the classifica-
tion is applied. Let us consider that the new feature scalar
rj 2 R is defined by the linear transformationrj = V T

k xj ,
j = 1; : : : ; N , whereVk 2 Rn is a vector that projects the
pixel xj into the feature space to classify pixels belonging
to the contourk. In order to find an optimal projection into
a feature space where the distance between samples of class
ck and the remainder samples is maximized, we apply the
FLDA [4].

As described in [7], the optimal projectionVk opt can
be defined as the vector which maximizes the ratio of the
determinant of the between-class scatter matrix,SB , to the
within-class scatter matrix,SW , of the projected samples:

Vk opt = arg max
Vk

jV T
k SBVkj

jV T
k SWVkj

; (2)

SB = Nck(�ck � �)(�ck � �)t +N �ck(� �ck � �)(� �ck � �)t

SW =
X
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beingNC the number of samples in classC, �C its mean
feature vector, and� the mean vector over all samples.
Vk opt is theSW -generalized eigenvector ofSB with the
largest corresponding eigenvalue [7].

Using PCA allows to project the initial largen-
dimensional hyperspace in a reducedm-hyperspace. We
found that this reduction is crucial in order to eliminate spu-
rious potential local minima. As a rule, we only maintain
eigenvectors with largest eigenvalue that retain the 90% of
the sample variance. Besides reducing the dimensionality,
PCA is used to avoid the existence of a singularSW [7]. As
a result of performing PCA, we get:

V t
k opt = V t

k fldV
t
pca;

Vpca = arg max
Vk

jV t
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NX
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;



Figure 1. Original image (a); distance map to
a contour class in the North-West (N-W) of the
circle (b).

Vpca is ann �m matrix formed by them most important
eigenvectors ofST andVk fld is a vector of sizem formed
by the most importantSW -generalized eigenvector ofSB .

Each patch of the curve has its own classifier that defines
the bone features it is looking for. The scalar product of
the mean feature vector of the patch and its classifier vec-
tor gives the projection into the feature space. We define a
snake potential by constructing the distance map between
the projection of the image feature vector and the class cen-
ter. Each target contour part generates its own distance map,
leading to a parametric potential where each snaxel inter-
prets in different way the image filter responses depending
of the goal it carries (the contour type it has learned in its
previous stage). Note that the distance map is not neces-
sary to be computed for all image pixels but just around the
snake that fastens the snake deformation.

In the synthetic example of Fig. 1(a), we select sample
points from the border of the circle and use a single scale
(� = 4) and zero- and first-order Gaussian derivatives. Each
contour part is associated to a patch of a spline curve of the
snake and several samples in its neigbourhood are used to
train the snake. Samples of the rest of the spline and image
background form the complementary class. Fig. 1(b) shows
the distance map to a potential minimum determined by a
patch in the N-W direction of the contour. Each pixel from
the potential is assigned the distance between the projec-
tions of the image feature vectors and the class center of the
samples representing the N-W object’s border. Naturally,
maximum distance is in the opposite direction; that is very
useful to distinguish contours of close objects.

Fig. 2 illustrates a real example. Fig. 2(a) shows the
contour where bone samples are taken; some muscle sam-
ples are added to strengthen the counterexample training.
Figs. 2(b,c) represent the distance maps of the classes of
patches placed on the west and on the east, respectively.
Figs. 2(d,e) show the same effect for other two opposite di-

Figure 2. Original image showing the different
patches (a); distance map of a contour class
of west, est, north and south patches (b)-(e).

rections. As it is desirable, the minimum of the distance
map is around each learned contour class and there is a max-
imum in the opposite direction.

4. Results

As explained above, the goal of this work is the gen-
eralization of the classical contour-based snake integrating
gradient and texture features obtained by different scales.
The snake external energy is parametric in sense that the
salient image features looked for, depend on the location of
the curve. In our approach each snake patch searches for its
specific contour class. This makes the technique more ro-
bust and avoids ambiguities in case of similar objects close
each other. Fig. 3illustrates this capability. Fig. 3(a) con-
tains the original image with the object’s contour where dif-
ferent types of external cortical bones are learned. Fig. 3(b)



Figure 3. Learning contour (a); initial contour
(b) and final delineation of the bone (c).

represents an initial contour placed between two bones and
Fig. 3(c) represents the final contour fitted to the bone of
interest. Right and left hand of cortical bone have different
filter responses, hence they belong to different classes and
the snake moves towards the desired contour.

Fig. 4 shows the delineations obtained from the learned
contour of Fig. 2(a) using different initializations. In or-
der to make the evolution from distant contours feasible it
is necessary to use large scales of the Gaussian filters. For
example, the initial contour shown in Fig. 4(d) reaches the
cortical bone when using scale with values 1,2,4,8,16 how-
ever, using values 1,2,4,8 the snake converges before reach-
ing the contour, because some contour patches have not in-
formation about the direction of the evolution.

In the example of Fig. 5, the classifiers are learned in
a slice and the final contour is carried to the next slice.
Fig. 5(a) contains the final contour obtained from slice 37;
here the classifiers are updated. Fig. 5(b) contains the slice
38 with the final contour obtained from slice 37 superposed.
Finally, Fig. 5(c) shows the contour obtained after the evo-
lution guided by the classifiers. Afterwords, the classifiers
are again updated and transfered together with the final con-
tour to the next slice.

Fig. 6 shows graphical representations of absolute values
of the classification vectorsVk opt assigned to each snake
patch from Fig. 5. Note that the classification vector de-
termines the weights of different filters i.e. filters non im-
portant for a contour part will have weights close to 0 in

Figure 4. Initial contours (a)-(d); final delin-
eations of the bone (e)-(h).

the classification vector. Fig. 6(a) shows the graphical rep-
resentation of the classification vectors for the contour in
Fig. 5(a). First patch is located on the right (clockwise) of
the point more on the left part of the contour, and the re-
mainder patches are ordered clockwise. The first patches
have less variance in the contribution of the filters (filter
weights), but variance increases with the patch number. The
reason is that the contour is better defined in the last part.

Fig. 6(b) contains the classification vector representation



Figure 5. Learning contour in slice 37 (a); ini-
tial (b) and final contour in slice 38 (c).

for the adjacent slice, Fig. 5(c). Now the location of the
contour is worst defined in average, hence the contribution
of the different filters has less variance. Filter weights sig-
nificantly change in parts where the contour features (bone
morphology) change as shown in Fig. 6(c). This occurs in
three parts of the bone: first, around patch in the top-middle
part of the bone, where a protuberance is emerging; second,
around patch in the top right where a strong contour begins
to blur; and third, around patch on the bottom-right where a
concavity begins to form. The changes in contour features
result in changes in classification vectors, Fig. 6(c) shows
the absolute values of filter weight differences as a function
of patches and filters. As one can see, the snake updates the
classifiers of the features it is looking for.

Fig. 7 shows the segmentations of a slice sequence (35-
40) where a strongh change in contour shape takes place.
The supervised learning took placed in the first slice, and
final contours and the updating of classifiers were propa-
gated from each slice to the next. In this way, the features of
each class are updated in a supervised mode and each patch
searches for specific features discriminating between differ-
ent objects and contour patches. Fig. 8 shows the stacking
contours of these sequence.

5. Conclusions

In this work we developed a new deformable model that
generalizes the contour-based snake. Given the fact that ob-
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Figure 6. Filter weights along the contour for
two adjacent slices: slice 37 (a), slice 38 (b)
and their evolution between slices (c).

ject’s contour is rarely well defined by high gradient fea-
tures we integrate gradient and texture features obtained by
a set of filters with different scales. In this way, the user is
free of designing the external energy, the snake selects and
self-trains the image features that are best representing the
object’s contour. As a result, our model is a natural gener-
alization of contour-, valley- and crest-based snakes.

The new snake applies statistic methods (PCA and
FLDA) to learn different contour configurations. A para-
metric external energy is designed according to the fact that
different patches of the snake are looking for different parts
of the contour. As a result, we achieved a snake technique



Figure 7. CT images of slices 35-40.

that is more selective and robust and less dependent of near
objects. We apply our snake to segment the femur in CT
images and obtain that statistic snakes with embodied clas-
sifiers to the image features give better results than original
snakes even in case of presence of near bones to the femur
and changes in the bone morphology.

When the initial contour is distant (in location or fea-
tures) from the desired contour, neighbour patches could be
trapped by the same contour class. As a consequence, some
patches are very large and others are very small, so the up-
dating of classifiers are prone to error. This is the main
limitation of the method. Anad hocsolution was obtained
for CT bone segmentation, although, our actual efforts are
directed to obtain a context free solution based on a major
comprehension of the classifier behaviour.
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